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Background: This study empirically examines a system of two parallel queues, each served by an
exponentially distributed server with service rates [l1 and |2, respectively. The arrival process
follows a Poisson distribution with rate A for both queues. Customers are directed to the queue
with the shortest length; in the case of equal queue lengths, customers randomly select a queue
with equal probability. The main focus of this study is on analyzing the steady-state probabilities of
the two parallel queuing systems. After determining the performance measures, an application was
studied to compare a one-queue, one-server system with the two parallel queues system to identify
which is more efficient.

Methods: Two scenarios were explored in this research: one in which customers can switch be-
tween queues (queue hopping) and another where no switching is allowed. The steady-state proba-
bilities of the system were analyzed. Wolfram Mathematica software was utilized to perform the
computations and to find the transition matrix of the system.

Results: The study presents the steady-state probability distributions for the system, analyzing two
cases: with and without queue hopping. These probabilities reveal the impact of allowing or re-
stricting customer movement between queues on overall system performance. The two systems
were compared to determine which one is more efficient.

Conclusion/Implications: The findings highlight the effect of the number of queues and the service
rate on performance measures. The study also discusses two different cases of the two parallel
queues system: when jockeying between queues is allowed and when it is not permitted. A com-
mand in Wolfram Mathematica is provided to demonstrate how the truncated transition matrix of
the system can be applied.

Introduction

The two systems studied in this paper are similar to the systems
studied by Haight (1) but if the two queues have the same length,
then the new arrival customer will join the first queue in Haight’s
system, while in the systems in this research, they can join any of the
queues with the same probability 1/2, Zhao and Grassman (2) studied
a system with a traffic intensity # = 4/(2i)using a different numerical
algorithm. Tarabia (3) examined two parallel queues with jockeying
and restricted capacities by using the matrix-analytical technique.
Adan and Resing(4) discussed analytic solution methods for queuing
models with multiple waiting lines.

Borst, et. al (5) considered a parallel system of queues where the
service rate of each queue depends on the number of customers in all
of the queues. Wang and Locker (6) assumed that the customers
arrival follows a Poisson process of rate 20 and the service times are
identically independent random variables following an exponential
distribution of unit rate. They show that the numerical solution can
be found by matrix-geometric method and the analytical solution
using the generating function. Guillemin, et. al (7) examined the two
parallel queues with infinite servers. Yuvarani and Vijayalakshmi (8)
analyzed a multistage batch arrival queue with different server
interruptions with a second server replaces the main server when the
interruptions occur. A real-life application of queuing theory studied
by Mubarak R, et. al (9) is cross-polarization of antenna in satellite
communication, where the cross-polarization is a standard used to
measure the quality of lines that built with VSAT. Another real-life
application of queuing theory is the traffic flow. Researchers like
Yusuf et. al' studied a recent development of smart traffic lights,
which is a system where the traffic lights can intelligently control the
signal time according to the traffic flow conditions to decrease the

congestion. The goal of this research is to find the steady state
probabilities of the two parallel queues system and compare it with a
single-server single-queue system, after analyzing two cases of the
parallel queues system to understand how the systems works and test
their efficiency in a given example. This helps the companies or the
organizer of the queues to choose the most suitable system they need.

In this article, a queuing system with two servers were
studied, where, each server has its own queue. Naming them server A,
queue A, server B, and queue B, respectively. The service time at
server A follows an exponential distribution with service rate #1, and
at server B is exponentially distributed with rate #z. Arrivals to each
queue follow a Poisson process with rate A . Customers like to join
the queue with the shortest length. Then, analyzed two cases of this
system one of them gives the permission to the customers to change
their queue if the other queue becomes shorter than the queue they
have joined, and the other case is when jockeying is prohibited. The
balance equations of both systems will be calculated by Wolfram
Mathematica software (10). Also, found the transition probabilities of
the system, then its steady state probabilities. Then, compared
between the given two queues in parallel system with a single-server
single-queue system (M/M/1) to see which of these systems is more
efficient than the other, and used two methods: computing the traffic
intensity, and the performance measures of the system, where the
system with the least traffic intensity and the least performance
measures, is the most efficient.

Methods

This study explored the simplest queuing system, M /M /1.
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It started by understanding how the queuing system is built and
which probability distributions to follow, where the arrivals rate fol-
lows a Poisson distribution with a parameter 4 and the service rate
follow an exponential distribution with parameter [{. Hence, the
traffic intensity will be # = 4/u, and from this, the states probabilities
and its performance measures of the system are found. Similarly, two
parallel queuing system were analyzed and applied using two cases:
when jockeying is allowed and when the customer is forced to stay in
their queue. Then, the steady state probabilities of the two parallel
queues system were found, and Wolfram Mathematica software was
used to find the truncated transition matrix of the system. Lastly, a
comparison was made between the single queue system and the paral-
lel queues system to test which one is more efficient.

Results

A queuing system is a mathematical model that contains servers
and queues. Where, a queue can only be generated when its server is
busy serving a customer, and hence, queuing theory helps studying
the customer’s waiting time, the queue’s length, the service rate, and
the arrival rate of the customers. A customer may be chosen to get
served in multiple cases: first-come first-served; last-come last-served;
randomly; or maybe adding some conditions and priorities to some
customers. This research focused on the first-come first-served case
for each studied system. The study presents the steady-state
probability distributions for the two cases (with and without queue
hopping). These probabilities reveal the impact of allowing or
restricting customer movement between queues on the overall system
performance.

Single-Queue Single-Server System

Assume a queuing model with one server and one queue. The
arrivals to the system follow a Poisson distribution with parameter
A. The service time of the server follows an Exponential distribution
with parameter [ This system is denoted by M/M/1. Let # =4/ be
the traffic intensity of the system The queuing system is said to be in
its steady state if # < 1.

Blake(11) showed that if P.(t + At}enotes the probability that the
system is in state n at time t + At, then

Pp=1-p,
P =p"(1-p),

And the performance measures of the system are:
The average number of customers in the system:

L=5(N)=ﬁ

The average number of customers in the queue
P

B(n,) = 1

The mean waiting time in the queue E(T,)
P
ElIT |=—
(7.) u(1—p)
The mean waiting time in the system

E(T)=

p—Aa

Two Queues in Parallel

Two queues in parallel system contain two servers, server A and
server B, respectively. Each server has its own queue, queue A and
queue B, respectively. This system has the following assumptions:

Arrivals follow a Poisson process with parameter 4 for each
queue.

The service time follow an exponential distribution with
parameters K3 and Mz , respectively. . .,

The system is said to be in its steady state if 2 =, <Tand P2 = <1

Denote x(t) and Y(t) to be the lengths of queue A and queue B,
respectively, at a time t. Assume a customer will join the system, if

X(t) < Y(t) then they will join queue A, if X(t) > Y(¢) then they will
join queue B, and if  X(t) = ¥(t) then then will join any of the
queues.

Jockeying is Allowed

In this case, the last customer in a queue is allowed to travel to
the other queue if it is shorter than their current queue. Obviously,
this induced three cases here, either X (t) = ¥(t) , x(t) = ¥(t) — 1.

or X(t) = ¥(t) + 1. Then, the following equations hold:

1. —2Apye + oy + 1140y =0
2. —(A+p)pyo + p2Pyy + ADgp = 0
- —(A+pdpoy + 4Py + APge = 0

- —(2A 4 py )+ ARy T Rimag) Ty T+ p) (Pirys TP =0
(At p F E)Ps T APy F D0 = 0

C (At F )P AP P = 0

A U A~ W

Solving the two linear systems of equations [1]-[3] and [4]-[6],
respectively, for Po.a- Pro- Prar Pitvris Piisrr and Pirri+1 . By
Wolfram Mathematica:

Ha by 0% r2hp,,
Simplify [LinearSolve[ 0 (At u) by || —Aees 11
—(A+ ) o 1/ \APoe

ACA— (=24 oo )ity + Poo )

{ l(Poo(Hl—ﬂ:)-FZ(l +.“:))
t Ba (24 + py + o) '

I
g w(2A+ py + o)

AGRA = (=2 + P Jia) + 1 (2(A + f5) — Poo (A +20,)))
1

fypa (244 py + o) i

Byt by ot 0
Simplify [LinearSolve[|—(A + 1y + 1) 0 Ha
0 —(Atuy ) owy

(ZA+py +1a)Py — A(Pyoy + Picws

—Api; 1]
—Ap;;
{[—Afpo et Gty ) + (G ) oy (B + 20,) + (227 + 244, + j,!g))}
(g + ) (A + iy + ) '
1 3 Y
{(Hl Tt m ey (=Apgty (A + oy +pz) = AP ity (A by +ag) T2, (0 + g

+ 23 (A + pg) + py (227 4 34u, +_u§)))}.

TApg(A iy tpn) —Ap g (At ) + (247 + pf + Ap, +pd + p(A+ th:))}}
L

(my + pa)?

Jockeying is Not Allowed

The customers of this system will stay in their queue until they get
served and leave the system, inducing these equations:

_ TP~ Ao (A + 12)pg,
Ha

Po,1+i

—AP_y4p0 —HoPiy + (A4 Dy,

(=1

Pitio =

b = A[Pa—i,}- + pi,j—l) t Py T HaPie
i A=y ks

Steady State as A Limiting Distribution of Two-Dimensional State
Space Markov Chain

Let {4 be the number of customers in queue A (including the
one being served), and i be the number of customers in queue B
(including the one being served), where i4>0and is > 0. Assume
that B,[(i.15) = (j,-7s)] defines the transition probability from state
(ig-ig) to state (j,.jz) . As Alawneh (12) showed, the transition
probabilities of this Markov chains can be written as,
where i, >0 and i, = 0:
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£.[(0,0) = (1,0)] =3
1. -
P [(00)— (01)] =1
2. -
P[(1,,0) = (i, D] = =—
wa LLLas Las - Atp,
3. :
P.[(is,0) = (i — 1,0)] = 75
4. :
P[(0,i5) = (Lig)] = ——
o iy ] - Atp,
5. :
P.[(0,i5) = (0,15 — ] = 2=
6. :
. . A
Pol(iai,) = (igig+ 1)1 = 2A+p,+p
7. = f 3
. . . A
P l[(igig) = (g + 1)) = Atp,ta
8. T
Pol(is i) = (i, —1i,)] = 3,1_,_2:__'.#_
9. T
Pou[(i.cl’ IlA) -+ (iﬂ’iﬂ - l)] = "i+i?+f1-
10. oo
ip =i
If B A
.. . . A
P.[(i4i5) = (i + 1,i5)] T
11. T
Pm[[:id’iﬁ'] - (Ilfl’ IIB - 1)] = [1+:f=+#_
12. ST
P [(igig) = (iy — Lig)] = :H:f._+p!..
13. T
ip<i
If B A
.. . A
P.[(igig) = (igig+1)] = T
14. T
P.[(igip) = (gip— D] = .1+;-:+M-
15. T
P.l(iyi5) = (i, — Lig)l = ,H:;_,_#_
16. T

Which can be divided the state space of this Markov chain into
the following four types:

1. If the first coordinate is zero, then the transition probability is

i

Tem, M1 =0
P [(0,ig) = Gadedl =22 i —j =
B aJe Ten iig—jg =1 @)

0 ;otherwise

2. If the second coordinate is zero, then the transition probability is:

A J =0
A+py Ha=ta ™
P00 0) = Gad)] =1 _ta © ®)
e _ =1
P g —Ja

0 ;otherwise

3. If both coordinates are zeros, then the transition probability is:

:}'3 = 1;)".4 =0
P.[(0,0) = (aisll=

B bS]

UIB = OJJ‘IA =1 (9)

0 ;otherwise

4. If both coordinates are positive,
If the first coordinate equals the second coordinate, then the
transition probability is:

A ijs—ig=1and

204+, + o, Ja=1
A ija—ig=1and

24+ + py Jjg =iz

P [(iyig) = Uade)l = Hy iig—jy=1land

24+ py + oy Jjg =iz (10)
o ;ig—jg =1and

20+ py + s Ja=1a
0 ; otherwise

If the first coordinate greater than the second coordinate, then the
transition probability is:

Mg jig—Jjp = land
A+p +u, Ja=1i4
A ijg —ig=1land
P [(igig) = Gadg)l =12+ Pyt Ho ja=ia (11)
Hy iig—Jjs=1and
A+ py +p, Jjs =1ig
0 ; otherwise

If the second coordinate greater than the first coordinate, then the
transition probability is:

o iig—Jjg = land
At py+p, Ja=1ia
A ija—is=1and
Pm[(iﬂ'iB) - UA-}'B)] S9A+ T, Jjg =iz (12)
Hy jig—Jja=1land
At py+p, Jg =g
0 ; otherwise

Truncating these transition probabilities to a certain level 11 , such
that P, [(i,.i5) = (§4-jz)] > and it can be defined as follows:

1. The first coordinate is zero. From the transition probability
function in equation (7), for each positive integer 1t

and iz = 1,2,...,nn

P(0i5) = Uan+1)]=0

P[(0,ig)—=(n+1,ig)]=0

Then, the truncated transition probability function is:

: 1= [P [(00i5) = G dg)] 0 < igafs <
P(0.15) = Ggg)] = { = 18 7 Uadall 0= iarla -
'l . . . . .
i+ i —ip=0,0=igjyjp=n
= Ha . . ..
it h ilg—jp=1L0<igjujp<n

0 ;otherwise

2. The second coordinate is zero. From the transition probability
function in equation (8), foreach 1t and iy, = 1,2,...,n
P[(i,0) =+ 1,j5)]=0
P[(i00) = (Jon+ 1)]=0

Then, the truncated transition probability function is:

Po[(i00) = Gaip)]l = {Pm [(140) = Uais)]l 0=igjajg=m

0 otherwise
A
iJa—i,=0,0=<i,j.jg=n
At+n, Ja—1a arlarJs
= H . ,
iy —Ja=1,0<iyj0jg <0
A+ py

0 ;otherwise
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Both coordinates are zeros. Clearly, from the transition probabil-
ity function (9), if any of the coordinates is greater than one,
then the transition probability

o P.[(0,0) = (auis)] 0=igjsizsn
P.[(0,0) = (i,, _ { - arJB arJarls
»[(0, 0) Ui J)] 0 otherwise
1 . . . . .
5 ila = 0;}3 =1,0= Lajaip =n
={1 . o
E ifa=LIg = 1.0=iyjs.dg =n
0 ;otherwise

For the last three truncated transition probability functions, the re-
maining probabilities are zeros when considering the first 1t states in
the first 11 subsets of the state space. Thus,

;}I—I—]:u P l(igig) = Uade)l = Bullisig) = (jaiz)]

4. When the state is in the interior of the state space (both coor-
dinates are positiveintegers):
The first coordinate equals the second coordinate. From the transi-

tion probability function in equation (10), for eachn and 7a =1.2,...,

Pl(igig) = (i +1,j] =0
Pl(igig) = (4 —Ljg)]=0
P[(m,n) = (n+1,n)] =0
P[(m,n) » (nn+1)]=0

Hence, the rest of the probabilities are not zeros and the truncated
transition probability function is

o o B [(i.0) = (joj 0<igjalg=n
P;;[(LA,LA)—)UA,JBJJZ{ [Ga )0 Uaa)} ori::u;fse

4 iJg —ipg = Liyipjajp <nand
24+ py + py Ja=1a
A ifa—is=1liaigjsis =1 and
24+ py + py jg = is
= 25 ila—Ja=Ligigjajs =n and
20+ py + jg =ig
o ilg —Jjg = Ligigjajs < n and
24+ py + py Ja=1a
0 ; otherwise

The first coordinate is greater than the second coordinate. From the
transition probability function in equation (11) iy =1,2,..,n and
foreach and i =12,...n—1

P[(J‘:A,EE) i (n + l’jB)] =0

Pl(igig) = (ign+1)]=0

inducing,

=n

(14,0) = Uais)]
0

0=1i,jais

A . E.
PG i) = Gae)] = {1 -l Jar)a -

Ha sig—jg = Ligigjajs =nand
A+ py +p, Ja=14

A idp —ipg= Ligigfujp Snand
A+ py +p, Ja=is

Hy iy —Ja= Ligigjajs =nand
At py +p, I =1ig

0 ; otherwise

The second coordinate is greater than the second coordinate. From
the transition probability function in equation (12) and for each
i,=12..,n—1and i;=12,..,n

P[(i,ig) » (n+1,j5)] =0
P[(EAJiB) - (iA,n + l)] =0

n

Thus, getting:

0=igjujg=n

P lligig)— Gais)l= {P“‘ (a0 = Gaie)] otherwise

0

Ha ilg—Jg = 1,15, ja.J5 <1 and
A+py +p, Ja= iy
A ijg —ig = Liaigjyis =0 and
SyA+tuy tp, Is=1ig
Hy ity —Ja=Ligigjais =nand
A+ py +p, Is =1is
Q ; otherwise
Resulting:

;l}l—l:lo}u F:.;[(i.q:igj - UA:JIB)] = Pm[(ig_:igj - UA:JIBH

Now, the limiting distribution = = ®P, where P is the truncated
transition matrix. The size of T is 1 X (n + 1)?, and the size of the
truncated transition matrix Pis . (n+1)% x (n+ 1)Hence, resulting a
linear system of (n+1)?+ 1 equations which should be solved
for 1. One of these equations is neglected.

Using Wolfram Mathematica software, define the truncated transi-
tion probability as:

P[iAiB_jA_jB ]:=

i
Piecewise[{m,jfl == 1&&iA == 0&&IE > 0jB — iB == 0},
u

G

{,l+_u]_

p2
+p2

,id == 0&&jA == 0&&iB > 0&&iB — jB == l},

,IB == 0&&jB == 1&&iA > 0&&jAd — id == 0},

{m,iﬁ‘ == 0&&iA > 0&&id — jA == 1&&jB == 0},
i

1
{E,I'A == 0&&IB == 0&&jA == 0&&jB == 1},
1
{E,i.q == 0&&iB == 0&&jA == 1&&jB == 0},

{4 /(24 + p1 + p2),iA == iB&&jB — (B == 1&&jA == (A&&0

< (A&&D < iB&&0 < jA&&KOD < jB},

{A,‘(ZA-F pnl -I-,{tZ],i == [B&&jA — iAd == 1&&jB == iB&&0
< [A&&0D < iB &&0 < jA&&OD < jB},
pul
{m,m == [{B&&IA — jA == 1&&jB == (B&&0 < {A&&D < iB},
p2
—, A== iIB —jB == jA==1 =<1 =< iB},
{2,1 Tl P4 iB&&IB — jB 1&&jA iA&&0D < (A&&0 < (B}
B B
pl
— A =i iB—jB == fjA==1 <I < iB},
{,1 PR A > iB&&iB — jB 1&&jA (A&S&0 < {A&&0 < iB},
H H
—,id > iB&&jB — iB == 1&&jA == iA&&D < (A&&D < (B&&
A+ pl+p2
I H
0 < jA&S&0 < jB},
p2
—, 1A =1 14— == == < I < iB},
{)1 o (A = iB&&IA — jA 1&&jB iB&&0 < iA&&0 < (B}
M =
p2
—, i =1 18— jB == id==j <L < iB},
{.l TR iB = (A&&IB — jB 1&&i4 fA&&D (A&&0 < (B}
M H
A
— B> 1i —id == i == < 1 < 1
R iB (A& &fA — (4 &&iB JjB&&D < i&&0 B &&
H H
0 < jA&&O0 < jB},
11
{{ﬁ,iﬁ’ > [A&&IA — jA == 1&&iB} == jB&&0 < iA&&0 < iB}},0]
H H

To put the values in a list which represents a transition matrix P, use
the following command:
Partition[Flatten[Table[P[il,i2,j1,j2],{i1,0,2},{i2,0,2},{j1,0,2},
72,0.2}]1,9]
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1 1 n
0,-,0,-,0,0,0,0,0} .0,0,0 .0,0,0,0},
{0.5.05 Vo }

A+ 2

A ul i
{0 0,0,0, .U,U,U},L ,0,0,0, ,010,0,0},
A+p2’ A+pz +pl A+pl
{ u2 A A }

0, ,0, .0, .0
2.l+ul+u2 2.1+u1+u2 2A+pl4p2 2A4+ut4p2

n2 A
0,0, ,0,0,0, }
A+pl+p2

,l+ul+|.12 A+ul+u2
p 0}
|
u2 A }

0,0,0,0, .0, g
,l+ul+ M2 A+ pul+p2

{
{0,0,0 0,0,0
{

,l+|,11+u2

ul p2

0,0,0,0,0, .0,
{ 2A+pl+u2° 2i+pl+p2

.03}

Where each list represents a row in the truncated transition matrix.

Comparing Between the Two Queuing Systems

In this section, a comparison is made between two queues in
parallel system of traffic intensities 1 = Afuy and p, = Afu, with
an M /M /1 system with traffic intensity p; = (20) /(g + 115)

using two different methods. The first method is by comparing the
values of the traffic intensities of the given two systems, where the
system with the least traffic intensity is the most efficient.
Since, in the two parallel queues system,
1 = A/uy and p, = /i, . Let the average traffic intensity of
the system be

5= tey _ Aptm)

2 20,0,

Assume an M/M/1 system with traffic intensity

A, 22
P mtm

Claim that in this case, M/M/1 is more efficient, since

24 Alpy + s,
- (py + 1)
H1 T Hz

2pqp,

dpyp, < (py + ps)?
dp i, < _ui + 2py 1, +_H§

—2pd <yl — 2pp, — pd

_2.“% < (a4 _.“:):

is true since piy, 5,4 = 0.

Application: In a store, consider the following two queuing systems:
the first queuing system consists of two cashiers where each must
serve an average of 20 customers in their five-hour day. One of them
can serve an average of 8 customers per hour. Where, the other cash-
ier can serve an average of 10 customers per hour. The other queuing
model is a vending machine that serves an average of 18 customers
per hour. Which of these two queuing models is more efficient than
the other?

In the first queuing model:

A=20/5=4 customers/hour, #1 = 8 customers/hour, and ¥, = 10
customers/hour. Then, p, = 4/8 = 0.5,p, = 4/10 = 0.4, and
p=(05+04)/2=045 In the other system:
Ay =(24) = 8, customers/hour, and #s = (s, + 1) = 18 | customers/
hour. Then, p; = 8/18=0.%.

Hence, the given M/M/1 is more efficient.
Another way to compare between two systems is by calculating their
performance measures. Since in the two queues in parallel system
there are two servers each has its own queue, then divide this system
into two M/M/1 systems, that is, let system 1 contains queue A and
server 4 ,

and system 2 contains queue B and server B. System 1 is an M /M /1
system with pL=Afuy , and system 2 is an M/M/1 system
with #2 = 4/¢2 . Hence, finding the performance measures of the two
queues in parallel as:

The average number of customers in the system

P1 P2
EM+EWN) _T-p TT-p

2 2

EN) =

The average number of customers in the queue

o3
1—p;

_B(N)+E(N,)_ TS

E(Nq) 2 2

The average waiting time in the queues

£y £
Ei[Tq)+E: [Tq) =.“J.(1_PJ.) +.“:(]-_P:)
2 2

E(T)=
The average waiting time in the system
1

L +
Ei(T]-I- E:(T) i = A ,—A
2 2

E(T) =

Now, compare this two queues in parallel with an M/M/1 with the
assumption that its traffic intensity p; = (24)/(p, + i)

From the table 1, it is shown that the given M/M/1 system is more

efficient than the given two queues in parallel system.

Table 1. comparing between two systems

Arrivals
and Performance

. server
service Measures 22
time rates (ps =

Single-queue single- Two queues in

parallel
s
) (py= u P2 #~)

uy tun

Average number
of customers in
the system

8.666666666666666 9.75

Average number
of customers in
the queue

A=13,
py =14,

7.7701149425287355 8.852380952380953

Average waiting
time in the
queue

[, =15

0.2679349980182323 0.6189002267573697

Average waiting
time in the
system

Average number
of customers in
the system

0.3333333333333333 0.75

0.9523809523809523 0.9545454545454546

Average number
of customers in
the queue

A =10,
uy =20,

0.4645760743321719 0.46645021645021645

Average waiting
time in the
queue

Hy =21 0.01133112376419932 | 0.02280715316429602

Average number
of customers in
the system
Average number
of customers in
the system

0.04761904761904762 | 0.09545454545454546

0.13333333333333333 | 0.13392857142857142

Average number
of customers in
the queue

0.01568627450980392 | 9 015873015873015872

Average waiting
time in the
queue

0.00092272202998847 |0.0018876763668430334

Average number

of customers in 0.06666666666666667 | 0.13392857142857142

the system
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Discussion

It is important to study queuing theory because it helps with
describing the features of the queues and helps with providing the
information that the service providers need for optimizing their
queuing models. Mathematicians can formulate and analyze many
problems as queuing systems to help the companies to build the
most efficient possible queuing model that works properly, costs as
less as possible, and decreases their customers waiting time. There-
fore, they want to build a queuing system that is in its steady state
where its traffic intensity is less than 1. The approach is to study the
performance measures with the assumption that the system reaches
its steady state.

In future studies, more complicated queuing systems such as the
parallel tandem queuing network can be analyzed and considering
many different possible cases and conditions. For example, whether
the jockeying is allowed or not and compare them with other known
queuing systems. In addition to finding more applications and real-
life situations using queuing theory to develop their system.

This research analyzed two different queuing systems, which are
the M/M/1 system with traffic intensity p = A/i and the two queues
in parallel system with traffic intensities 71 = 4/11 and P2 = A/H;,
respectively. Also, studied two different types of two queues in
parallel system, where in the first type jockeying is allowed, and it is
prohibited in the other. Then, found the steady state probabilities of
the two queues in parallel. Finally, compared between this system
and M/M/1 , where the traffic intensity of the M/M/1 system
is P = (24)/ (1 + #2) , by two different ways.

The first way is by computing the average between £; and £z
in the two parallel queues system, P =A4/(u;+ ;) and
in M/M/1 , where the most efficient system is the one with the least
traffic intensity.

The other way is by finding the performance measures for both
systems, and clearly, the system with the least values of its
performance measures is the most efficient.

In both ways, the M /M /1 system with the traffic intensity
p3 = (24) /(1 + 112) is better than the given two queues in parallel
system.

The findings highlighted the effect of queue hopping on the
efficiency and balance of the system. Allowing customer movement
between queues can optimize service time under certain conditions,
providing insights into queue management strategies for systems
with parallel servers.

Conclusion

The findings highlighted the probabilities for the two distinct
cases: when queue hopping is allowed and when the customer is
forced to stay in one queue. It also studied the effect of adding an
additional server or increasing the service rate of an existing server to
compare between these systems and test which one is more efficient
in a given application. The research also found the steady state
probabilities of two queues in parallel system and found its transition
matrix using Wolfram Mathematica software.
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